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Summary. We define an integral Borel-Moore homology theory over finite fields, 
called arithmetic homology, and an integral version of Kato homology. Both types 
of groups are expected to be finitely generated, and sit in a long exact sequence with 
r __( , higher Chow groups of zero-cycles. 

K 

■ 1 Introduction 

For a separated scheme X of finite type over a field k, let Z c (0)(X) be Bloch's 
complex of relative zero-cycles, generated in degree —i by cycles of dimen- 
sion i on X x A 1 in good position. The higher Chow groups CHo(X,i) are 
; defined as the homology H t {Z c {0)(X)) of Z c (0)(X). Varying X, we obtain 

■ a complex of etale sheaves Z c (0) and can consider its etale hypercohomol- 
\ ogy Hi(X e t, Z c (0)). If k is algebraically closed, then it is a consequence of 

the Beilinson-Lichtenbaum conjecture that CHo(X,i) = Hi(X et , Z c (0)) [HI 
Thm.3.1], but in general, these groups are not isomorphic. Over a finite field, 
■^J- ■ Kato [19] defined for each m a complex with homology H^(X, Z/m) and 

conjectured that if X is smooth, proper and connected, then H^(X, Z/m) 
vanishes for i > 0, and Hq (X, Z/m) = Z/m. Jannsen and Saito [TS] observed 
that Kato homology measures the difference between the finite coefficient ver- 
sions CHo(X,i,Z/m) and Hi(X et , Z c /m(0)), and proved Kato's conjecture 
assuming resolution of singularities [16j . 

In this paper, we construct Borel-Moore homology groups Hf(X ar ,Z), 
C3 ' which are a substitute for the (pathological) etale higher Chow groups 

Hi(X c t, Z c (0)), and define an integral version of Kato's complex whose ho- 
mology groups Hf-{X,1) measure the difference between CHo(X,i) and 
Hf(X aT ,Z). The analog of Kato's conjecture is that if X is smooth, proper 
and connected, then Hf{X, Z) vanishes for i > 0, and H^{X, Z) = Z. 

The Borel-Moore homology theory, which we call arithmetic homology, is 
constructed by applying the Weil-etale formalism of Lichtenbaum to Z c (0): 
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Given a scheme X over the finite field ¥ q , H£(X al , Z) is the — ith cohomology 
group of the complex Rr G Rr(X et , Z C (0))[1], where X = X x ¥q ¥ q , and G is 
the Weil group of W q acting on W q . These groups are expected to be finitely 
generated. More precisely, we have 

Theorem 1.1 Let X be smooth and proper. Assume resolution of singulari- 
ties up to the dimension of X and the Beilinson-Lichtenbaum conjecture (see 
below). Then the following statements are equivalent: 

a) CH (X,i) q = for all i > 0. 

b) There is an isomorphism CH (X,i) = Hf +1 (X ar , Z) of finitely generated 
abelian groups for all i > 0. 

c) There are short exact sequences for all i, 

-> CH a (X, i+ 1) G -> CH Q (X,i) -> CH Q (X,i) G -> 0. 

The vanishing of the Chow groups is a special case of Parshin's conjecture 
Ki(X)q — for i > 0, and in particular it follows from Tate's conjecture 
together with Bcilinson's conjecture that rational and homological equivalence 
agree up to torsion [5 over finite fields, or from finite dimensionality of smooth 
and projective schemes over ¥ q in the sense of Kimura-0 'Sullivan [TO] . 

The integral analog of Kato homology comes into play when comparing 
higher Chow groups with arithmetic homology for not necessarily smooth or 
proper schemes over F g : Consider the complex 

where Xr s j denote the points of X of dimension s, and {k{x)®¥ q ¥ q )c is the 
group of Frobenius coinvariants of the Milnor if-group of the finite product 
of fields k{x) ®F g F g . The maps in the complex are induced by boundary 
maps in localization sequences of higher Chow groups via the identification 
K™{k{x) ® ¥q Fg) = H s (k(x) ® Fg F 9 ,Z(s)). The group H? (X,Z) is the ith 
homology of this complex. Assuming the Beilinson-Lichtenbaum conjecture, 
we have a long exact sequence 

► R? (X, Z) 2$ H?(X, Z) ^ H? (X, Z/m) -> ■ ■ ■ , 

which justifies calling the groups H^(X, Z) an integral version of Kato ho- 
mology. As an analog of Kato's conjecture, we propose the following 

Conjecture 1.2 If X is smooth, proper and connected, then H^[X,Z) = 
for i > and H^{X, Z) = Z. 

It is easy to use the known results on the (torsion) Kato conjecture to show 
that the conjecture is true in degree 0, and that H- < (X,Z) = CHo(X,i)q 
for smooth and proper X and i — 1,2. Regarding the conjecture and the 
relationship between higher Chow groups and arithmetic homology, we show 
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Theorem 1.3 Assuming resolution of singularities and the Beilinson-Lichten- 
baum conjecture, the following statements are equivalent: 

a) For every smooth and proper X over F„, CH Q (X, i)q = for i > 0. 

b) Conjecture \1.<H holds, and for every separated scheme of finite type X 
overV q; there is a long exact sequence of finitely generated groups 

► CH (X, i) -> H9 +1 (X ar , Z) -> Hfl^X, Z) -> CH (X, i - 1) — • • • . 

The exact sequence of the Theorem exists unconditionally in degrees i < 1. 
We show that Conjecture II .21 holds for curves, i.e. there is an exact sequence 

o -> (fe(c) ® F , f g )g -> Z^Z^O. (1) 

a:eC( ) 

for smooth and proper curves C. Since the sequence comparing Weil-etale to 
etale cohomology [6] gives a short exact sequence 

-f (fc(C) F,)* -> fc(C)* - Brfc(C) - 0, 

we obtain (k(C) <g>F ^?)g ® Q/2 — Brfe(C), and (Q]) is an integral version 
of the classical short exact sequence for the Brauer group of k(C). For an 
arbitrary curve C over ¥ q , we obtain H^Cgx, Z) = (C, Z), there is a short 
exact sequence 

-> CH (C) -> (Ca,, Z) - JJ* (C, Z) -» 0, 

and CH (C,i) = Hf +1 (C aT , Z) for i > 1. The latter groups are finitely gen- 
erated for i = 1 and zero for i > 1. For curves, Kato homology is easy to 
calculate recursively; for example if C is proper with dual graph _Tc, then 
Hf(C,Z) = H i (r c ,Z). 

Arithmetic homology can be applied to study abelian class field theory of 
proper schemes. The main observation is that the group i?f (X ar , Z) (which is 
conjecturally finitely generated) becomes isomorphic to the abelianized fun- 
damental group TTi(X) ab after profinite completion, and the reciprocity map 
factors as 

CH (X) ^ H?(X aT ,Z) -» m(X) ab . 

Notation: For an abelian group A, A A = lim A/n is the profinite comple- 
tion, and A* = Hom(A, Q/Z) the Pontrjagin dual. All schemes over a field 
are separated and of finite type; from section 3 we fix a finite field as the base 
field. 

Acknowledgements: Parts of this paper were written while the author vis- 
ited the University of Tokyo, and we thank T.Saito and the University for the 
inspiring atmosphere they provided. We are indebted to S.Saito for inspiring 
discussions. 
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2 Higher Chow groups 

For a scheme X over a field k, Bloch's higher Chow complex z n (X, *) is defined 
as follows pp. In degree —i, it is be the free abelian group z n (X, i) generated 
by cycles of dimension n + i on X x y. A % which meet all faces properly. The 
differentials are given by taking the alternating sum of intersection with face 
maps. Higher Chow groups CH n (X,i) are defined as the homology of this 
complex. We let Z c (n)x — z n {—, *)[2n] be the complex of etale sheaves on X 
with z n (— , — 2n — i) in degree i. For a proper map / : X — > Y we have a push- 
forward /*Z c (n)x — > Z c (n)y, and for a flat, equidimensional map / : X — > Y 
of relative dimension rf, we have a pull-back /*Z c (n)y — > Z c (n + <i)x[— 2d]. If 
X is smooth of dimension d, then there is a quasi-isomorphism of complexes 
of Zariski sheaves Z c (n) = Z(d — n)[2d], where the right hand side is the 
motivic complex of Voevodsky |28j . For a finitely generated field F over k, we 
define CH n (F,i) — colima CH n (U, i), where the colimit runs through U of 
finite type over k with field of functions F. If F has transcendence degree d 
over k, then CH n (F,i) i/ 2d - 2 "- 4 (F, Z(d - n)), where the right hand side is 
motivic cohomology, and vanishes for i < d — n, and agrees with K^f_ n (F) for 
i = d - n. As a formal consequence of localization for higher Chow groups, 
one obtains an isomorphism 

CH n (X,i- 2n) = ^(X Zar ,Z c (n)) =: iJf(X Zar , Z(n)) (2) 

and spectral sequences 

El t = ^ex^H^iHx)^^ - »)) => iJ s c +f (X Zar ,Z(n)). (3) 

In particular, H£(Xz av , Z(n)) = for i < n. For an abelian group A, we define 

ff?(X et) A(n)) = H-*Rr{X ctl A ® Z c (n)). (4) 

If A = Q, then H?(X et ,Q(n)) = H?(X ZaT , Q(n)) = CH n {X,i- 2n) Q . In 0, 
we proved that for every integer m and every scheme / : X — ► fc over a perfect 
field fc, there is a quasi-isomorphism 

RfZ/m Z c /m(0). (5) 

Here is the extraordinary inverse image of SGA 4 XVIII. Hence the 
etale homology groups Hf(X e t, Z/m(0)) with coefficients Z c /m(0) agree with 
usual etale homology groups Hi(X ct ,Z/m) := H~ l (X et , Rf'Z/m) of Lau- 
mon |21) . For a finitely generated field F over fc, we define Hf(F et , A(n)) = 
colimu Hf(U ct ,A(n)). 

The Beilinson-Lichtenbaum conjecture over k in homological weight n says 
that if X is a smooth scheme of dimension d over fc, then the canonical map 

CH n (X, i-2n) = H?(X Zax , Z(n)) -» ff?(X et) Z(n)) 
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is an isomorphism for i > n+d—1. By considering cohomological dimension, it 
then must be an isomorphism for all i if k is algebraically closed and n < 0. As 
a special case, the conjecture implies that H d ~ n+1 (F ct , Z(d — n)) = for fields 
F of transcendence degree d over k; this statement is often called "Hilbert's 
Theorem 90". Over an algebraically closed field, Suslin [25] shows that the 
groups CHo(X,i,Z/m) and H£(X e %, Z/m(0)) are isomorphic for charfc J[m, 
but it is not clear that the isomorphism is induced by the canonical change of 
topology map. In [llj . it is shown that the canonical map is an isomorphism 
if to is a power of the characteristic. In [5], we use Suslin's theorem to show 
the following result. 

Proposition 2.1 Let k be a perfect field and n < 0. 

a) (Localization) For a closed embedding i : Z — > X, the canonical map 
^z( n ) ~* Ri'Z x (n) is a quasi- isomorphism. 

b) (Homotopy formula) If p : XxA m — > X is the projection, then we have a 
quasi-isomorphism of complexes of etale sheaves RpJf XyKm (n) = Z x (n — to). 

c) (Niveau spectral sequence) There is a spectral sequence 

El it = Q^ex^H'-'ikixU, Z(a - n)) => H c s+t (X cU Z(n)). (6) 

In particular, H^(X c t,Z,(n)) = for i < n. 

The last statement follows because s + 1 < n implies that s < n or t < 0, 
both of which imply that E}, t vanishes. Note that by the homotopy formula, 
the Beilinson-Lichtenbaum conjecture in homological weight n < implies 
the Beilinson-Lichtenbaum conjecture in all weights less than n. 

3 Arithmetic homology with compact support 

We fix a finite field ¥ q with Galois group G = Gal(F 9 /F 9 ) and let G C G 
be the Weil group of ¥ q , i.e. the subgroup of G generated by the Frobenius 
cndomorphism (p. Given a separated scheme of finite type X over ¥ q , let 
X = X Xf, Fq. For an abelian group A, we define arithmetic homology groups 
with compact support and coefficients in A as the homology groups of the 
complex RFcRr(X ct , A ® Z c (n))[l], where G acts on ¥ q , so that 

H9(X aT , A{n)) = H^RTgRTIX*, A ® Z c (n)). 

The Leray spectral sequence for composition of functors degenerates into short 
exact sequences 

-> -ff, c (^ct, Z(n)) G -» -ff, c (^ar, Z(n)) -» ffti(^et, Z(n)) G -» 0. (7) 

In particular, H^(X ar ,Z(n)) = for i < rz. < by Proposition 12.11 If X is 
smooth of dimension d, then the quasi-isomorphism Z c (n) = Z(d — n)[2d] 
implies 
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H9(X ai , Z(n)) = H 2d+1 -\X Wl Z(d - n)), (8) 

where the right hand side are the Weil-etale cohomology groups of [HI [S] . 
(For arbitrary X of finite type over ¥ q , one has to replace etale cohomology 
by eh-cohomology and Weil-etale cohomology by arithmetic cohomology of [7] 
to obtain well-behaved cohomology groups). Recall from [6l Thm.7.1] that for 
every smooth X over ¥ q , there is a long exact sequence 

• • • -» H\X et , Z(p)) -> H^Xw^p)) -> H'-^X^ Q(p)) (9) 

The same proof shows 

Theorem 3.1 There are long exact sequences 

► /fti(^et, Z(n)) - Z(n)) 

- Cif„(X, * - 2n) Q -» Hf_ 2 {X et , Z(n)) - • • • , 

hence for every integer m > 1 an isomorphism 

H?(X et ,Z/m(n)) = H? +1 (X aT ,Z/m(n)). 

With rational coefficients, the long exact sequence splits, and 

H?{X aT , Q(n)) = Gfln(X, i - 2n) q ® CH n (X, i-2n- 1)q. 

□ 

From now on, we assume that n < 0. Then for a closed subscheme Z of X 
with open complement t/ we have by Proposition 12.11 localization sequences 

> Hf(Z x , Z(n)) - Z(n)) - fl?^, Z(n)) - • • • (10) 

Corollary 3.2 Lei n < 0. 

(Projective bundle formula) Let P r x X be a projective bundle of 
relative dimension r. Then 

Hf(¥ r x X a ,Z(n)) = ffiJ =0 ift 2j -(^ar,Z(n-j)). 

b) (Homotopy formula) For every r > 0. 

tf 2 c (A r x X ar ,Z(n)) £* ff?_2r(^ar,Z(n - r)). 

Proof. The homotopy formula follows from Prop. [2~T1 via (|T|). and the projec- 
tive bundle formula can be derived from this using localization and induction. 
□ 

The Beilinson-Lichtenbaum conjecture over ¥ q implies that, for n < 0, 
Rr(X al , A g) Z c (n)) has the explicit representative 
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Z c (n)(X) <g) A[G] ^ Z c {n){X) ® A[G], 

with 9? acting diagonally, and that the sequence ((7| takes the form 

-> CH n (X,i- 2n) G -» H^(X al .,Z(n)) -» CH n (X,i- 1 - 2n) G -» 0. (11) 

For example, i?§(X ar , Z(0)) = CH {X) G . 

In the following, we restrict ourselves to the case n = and write 
7^(A" ar ,A) for H^Xgj., ^4.(0)). This is no loss of generality in view of the 
homotopy formula. 

Example. Let P be a connected, zero-dimensional scheme over ¥ q . Then 
CHo(P.i) = Z c for i = and zero otherwise, where c is the number of 
connected components of P. Since the Galois group permutes the connected 
components of P, (fTT|) implies iJ?(P ar , Z) = Z for i = 0, 1, and zero otherwise. 

3.1 Arithmetic cohomology of fields 

For a finitely generated field k over ¥ q , k ^r^q is a finite product of alge- 
braic extensions of k, finitely generated over ¥ q , on which G acts. We define 
arithmetic cohomology H l (k al ,A(n)) as the cohomology of RPaRr({k <S>w q 
^q)et, A® Z{n)). There exist sequences © comparing arithmetic cohomology 
to etale cohomology. If the transcendence degree of k over ¥ q is d, then we can 
write k as the colimit of smooth schemes of dimension d over ¥ q , k = colim U, 
and Z(d)) S colim H l {U w ,Z{d)) colim i/ 2 c rf+1 Z(0)) by ©. 

As a formal consequence of localization IjlOp. we obtain 

Corollary 3.3 For n < 0, there are spectral sequences 

£ s 1 , = e ie x (!) r i (Kx) an z( s -n))^ff s v 1 (i ar ,z( 1 i)). (12) 

Lemma 3.4 Assuming the Beilinson-Lichtenbaum conjecture in homological 
weight d — s, then for every field k with d = trdeg F<j k we have isomorphisms 

H s+1 (k al ,Z(s)) S Kf(k ® F? F,) G ; 
tf s+2 (fc ar ,Z( S )) S H s+1 (k® ¥q ¥ q ,Q/Z(s)f. 

If s > d, then the latter group vanishes, and we obtain an exact sequence 

-> tff(fc ® F? F 9 ) G -> Xf(fc) Q ^ H s+1 (k cU Q/Z(s)) 0, (13) 

where S is the composition 

K?(k) Q - Xf(fc) ® Q/Z ^ H s (k ctl Q/Z(s)) ^ H s+1 (k ct ,Q/Z( s )), 



with sym the symbol map, and e £ 7? 1 ((F 9 ) ct , Z) = Hom cont (G, Z) the iso- 
morphism sending the Frobenius endomorphism to 1. 
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Proof. The first statements follow from the Leray spectral sequence 

0^ff 4 - 1 ((fc® F? F 9 ) ct ,Z( s )) G ->fT i (A ar ,Z(«)) W{{k® ¥q ¥ q ) ct ,Z{s) f -0 

and Hilbert's Theorem 90. The exact sequence is (j9|), using the identifications 
H s (k ct ,Q(s)) = Kf(k) q and H s + 2 (k et , Z(a)) = H s+1 (k ct , Q/Z(s)). The de- 
scription of <5 in ([9]) is given in in [6l Thm.7.1a)]. □ 

The argument of the Lemma for s = 0, 1 gives, for any fc, exact sequences 

-> Z -> Q -> Hom(G fc , Q/Z) -> Hom G (Gal(fc ® F? F 9 ), Q/Z) -> 

^ (fc ® F5 F 9 ) G -> (fc x ) Q -» Br(fc) -> Br(fc ® F? F ? ) G -> 0. (14) 

Lemma 3.5 Under the hypothesis of the previous Lemma, there are short 
exact sequences 

- H s+1 (k aT ,Z(s)) -f H s (k,Q(s)) -» ff s+1 (fc ct ,Q/Z( s )) -» 0; 
and 

-» ff s+1 (fe ar ,Z(s)) ^ ff s+1 (fc ar ,Z( S )) -> i/ s+1 (A; ot ,Z/m( S )) -> 0. 

Proof. The first short exact sequence is (|13p . The long exact coefficient se- 
quence for arithmetic cohomology gives the second short exact sequence, be- 
cause the boundary map factors 

H s (k ct ,Z/m{s)) — i— ► fF +1 (A; e t,Z(s)) = 

ff s (fc ar ,Z/m(s)) — ff»+ 1 (A ar> Z(s)) 1 
the upper right group is trivial by Hilbert's theorem 90. □ 



4 Finite generation 

We fix a finite field ¥ q . 

Conjecture Pq(X): For the smooth and proper scheme X over¥ q , the group 
CHq(X, i) is torsion for all i > 0. 

This is a special case of Parshin's conjecture, because if X has dimension 
d, then 

CH (X,i) Q = H 2d ^(X,Q(d)) = Ki{X)$. 

If Tate's conjecture holds and rational equivalence and homological equiva- 
lence agree up to torsion for all X, then Conjecture Pq(X) holds for all X 

0- 



Arithmetic homology and an integral version of Kato's conjecture 



9 



Proposition 4.1 For a smooth and proper scheme X , the following state- 
ments are equivalent: 

a) Conjecture Pq(X). 

b) The groups iJf(X ar , Z) are finitely generated for all i. 

c) There are isomorphisms Hf(X av ,Z) <8> Z; — ► limi/j_i(X et , Z/l r ) for all i, 
and all I. 

d) There are isomorphisms Hf(X aT ,Z) eg) Z; — ► lim Hi-i(X e t,Z/l r ) for all i, 
and some I. 

Proof, a) => b): If X is smooth and proper, then Hf(X al , Z) H 2d+1 - l (X w , Z{d)) 
by ®. By hypothesis and ©, for j < 2d, 

W{X w ,Z{d)) = W{X et ,Z{d)) = W-^X^Q/Zid)), 

which is finite for j < 2d by the Weil-conjectures and Gabber [4]. By [20], the 
group H 2d (X w ,Z(d)) = H 2d (X ct ,Z(d)) agrees with CH (X), and is finitely 
generated. Finally, H 2d+1 (X w , Z(d)) ^ Z and H' L (X w ,Z(d)) = for i > 
2d+ 1 by [6,, Thm.7.5]. 

b) => cj: Finite generation implies H?(X aT , Z) <g> Zj £ lim H?(X al , Z/V) 
lim/7 i _i(X ct ,Z/Z r ) by Theorem O and ©. 

d) a): The group ]imHi-x(X et ,Z/l r ) = H 2d - l (X ct ,Zi{d)) is torsion for 
i > 1 by the Weil-conjectures, and a) follows via Theorem 13. 11 □ 

Proposition 4.2 The following statements are equivalent: 

a) Conjecture Pq(X) for all smooth and proper X . 

b) The groups H![(X aT , Z) are finitely generated for all i and all X . 

c) There are isomorphisms H^(X al , Z) ® Z; — > limi/i_i(X et , Z/l r ) for all i, 
all X , and all I. 

d) There are isomorphisms H^(X al , Z) ® Z; — > limi/i_i(X et , Z/l r ) for all i, 
all X , and some I. 

Proof. Following the proof of Prop. 14.11 it suffices to show that finite genera- 
tion of -fff(X ar ,Z) for smooth and proper X implies finite generation for all 
X. By localization, induction on the number of irreducible components, and 
induction on the dimension, we reduce to the case that X is irreducible, and 
sec that finite generation for X and any of its open subschemes V are equiv- 
alent. Let X' — > X be an alteration such that X' is an open subscheme of a 
smooth and proper scheme T. We can assume that there is an open subset 
UCX such that U' = U x x X' -> U is Galois with group A. Since Hf(T al , Z) 
is finitely generated, so is iff(l/ ar ,Z). But there is a spectral sequence 

El t = H s (A,H?(U' ai ,Z(n))) =► H° +t {U aT ,Z{n)), 

and group homology of a finite group with finitely generated coefficients is 
finite. So Hf(U aY ,Z), and hence H?(X ai ,Z) is finitely generated. □ 
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Proposition 4.3 Let X be connected. If X is proper, then the degree map 
induces an isomorphism i?Q(X ar ,Z) = Z, and if X is not proper, then 
HS(X al ,Z) = 0. 

Proof. By © and 6, Thm.7.5], we have H^(X al .,Z) = H 2d+1 (X w , Z(d)) = Z 
for X smooth and proper of dimension d. In the general case, we can assume 
that X is irreducible by induction on the number of irreducible components. 
By induction on the dimension, we obtain Hq(U^., Z) = for the complement 
U' of a non-empty closed subscheme in a smooth and proper scheme X' . With 
the argument of Prop. 14.21 this implies that there is an open subscheme U of 
X with connected complement such that H^U^, Z) = 0. But then by induc- 
tion on the dimension, we get that Z = H§((X — U) al ,Z) -» H^(X ari Z) — > 
H§((Fq)axi Z) = Z is an isomorphism. □ 

Consider the complex 

> ®sex w H'(k(x),Q{8)) -» > ® xeX(o) H°{k(x),Q(0)), (15) 

arising as the E'l-terms and d\ -differentials in the niveau spectral sequence 
©. Let Hi(X,Q(0)) = Ef (X) be the homology of this complex. Then in 
[10], we used a theorem of Jannsen [14] to show that Conjecture Po(X) has 
two independent faces: 

Proposition 4.4 Assume resolution of singularities. Then conjecture Pq(X) 
for all smooth and proper X is equivalent to the following statements for all 
smooth and proper X : 

a) CHq(X,i)q — for i > dimX. 

b) Hi(X, Q(0)) for all i > and H (X, Q(0)) = Q. 

The first statement is equivalent to H l (k,Q(d)) = for all fields k of 
transcendence degree d over ¥ q and all i ^ d, or to CHq(X, i)q = &i(X, Q(0)) 
for all X and all i. The second statement is equivalent to the vanishing of 
H d (X,Q(0)) = # d _i(X,Q(0)) = for d = dimX > 1 [TU]. 

4.1 Special values of zeta-functions 

We can use Borel-Moore arithmetic homology to give formulas for special 
values of zeta-functions at non-positive integers n. There are other versions in 
Kahn [18] Thm. 72] (up to powers of p), and Conj. 1.4] (assuming resolution 
of singularities). Let x(H*(X ar , Z(n)), e) be the Euler characteristic of the 
complex 

■ •• - HC +1 (X al ,Z(n)) ^ H<(X al7 Z(n)) ^ H^X^, Z(n)) - ••• . (16) 

The cap product is induced by the group cohomology product with a generator 
e of B X (G,Z) = Z. 
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Theorem 4.5 Under Conjecture Pq(X) for all smooth and projective X, the 
following statements hold for all n < and all X of finite type over ¥ q . 

a) The groups Hf^X^jZin)) are finitely generated, and 

ord s= „C(X, s) = ' rank-fff (Xa,, Z(n)) =: Pn . 

i 

b) For s — > n, 

C(X, s) ~ (1 - g n - s )"" • X {Hl{X av , Z(n)), e)" 1 . 

Proof. By the homotopy formula, we can assume that n = 0. Using Prop. 
14.21 and the argument of [71 Thm.7.1] we can reduce to the case where X is 
smooth, projective, and connected. In this case ord s= o£(X, s) = po — — 1, and 
by PropH3b), 

ff?(I at ,Z)®ZS F M+M (I ff ,Z((f))®ZS i7 2d+1 - l (X c t,Z(d)) 
is the usual etale cohomology. By Poincare-duality, 

H 2d +i-%X et ,Z(d)) = lim(IP(X et ,Z/m)*) = H\X et , Q/Z)*, 

m 

and since D* is torsion free for every divisible group I?, we obtain 

H 2d+1 -\X ct ,±{d)) tm - ((iP(X et ,Q/Z)/Div)*) tor S (ir +1 (X ct ,Z) tor )*. 

It is easy to see that the map H 2d (X ct , Z(d))/tor i/ 2d+1 (X ot , Z(d))/tor is 
an isomorphism. Since all other groups in (|16j) are finite, we obtain 

= l[\H i (X w ,Z) toI \(- i y = X (H*(X w ,Z),e). 

i 

The latter is equal to the limit of ((X, s)(l -<r s ) _1 for s -> by 6, Thm.9.1]. 
□ 



5 An integral version of Kato's conjecture 

Throughout this section we assume the validity of the Beilinson-Lichtenbaum 
conjecture in weight 0. By Jannsen-Saito-Sato [T7J Thms. 1.6, 2.21], the com- 
plex of £'^' _1 -terms and differentials in ([6]) 

> ® xex H s+1 (k(x) et ,Z/m(s)) ► ® xeX H x {k{x) et ,Z/m{G)) -► 

(17) 

is isomorphic to the complex defined by Kato in [15] . 
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Conjecture 5.1 (Kato) For a smooth, proper, and connected scheme X over 
a finite field, the homology groups H^(X, Z/m) of (I17[) satisfy 




Hf (X, Z/m) -- 

Comparing the niveau spectral sequence © and ©, one sees that there 
is a long exact sequence 

> CH (X,i,Z/m) ^ Hi(X et ,Z/m) ^ H? +1 {X,Z/m) -»•.-. (18) 

Indeed, with finite coefficients, the terms El' f in © and © agree for i > by 
the Beilinson-Lichtenbaum conjecture, the term E^' in ^ vanish for t < by 
definition, the terms E^' in (J6j) vanish for i < — 1 by considering cohomological 
dimension, and the remaining terms E[' in © are given by the complex 

CZD- 



5.1 The theorem of Jannsen and Saito 



Theorem 5.2 (Jannsen, Saito \14\ Mttf ) If X is smooth, proper and con- 
nected, and resolution of singularities holds for schemes up to dimension 
min{i, AiuiX}, then H?(X, Q/Z) = Q/Z, and iff (X, Q/Z) = for i > 0. 

The case 1 < i < 3 was previously treated by Colliot-Thelene [2] and Suwa 
[26] . We can now prove Theorem 11.11 of the introduction: 
Proof. (Thm|0) a) =>■ b): By P (X) and Thm. O the isomorphism holds 
rationally. With torsion coefficients, it follows from Thms. IBTTl 15.21 and (fT5|) . 
Hence we get the isomorphism by comparing coefficient sequences. The groups 
are finitely generated by Prop. 14.11 

b) =>■ c) is (jni), and c) =*> a) because CH Q (X,i) G ® Q ^ CH {X,i) Q ^ 
CHq(X, i) G ® Q by a transfer argument. □ 



Proposition 5.3 Assuming resolution of singularities, the following state- 
ments are equivalent: 

a) Pq(X) for all smooth and proper X . 

b) CHq(X, i) is finitely generated for all X and all i. 

c) The canonical map CHq{X,i) ® Zi — ► limCifo(^, *, Z/Z r ) is an isomor- 
phism for all i, all I, and all X . 

Proof, a) => b): By the standard argument using localization, it suffices to 
show finite generation for smooth and proper X . In this case, for i > 0, by 
P (X) and Theorem [521 

CH (X,i) = toI CH (X,i) «- CH Q (X,i + 1,Q/Z) 

^ H l+1 (X ct ,Q/Z) = ff^-^X^Q/Z^)) 
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and this is finite by [I] and the Weil-conjectures. Finiteness of CH (X) is a 

result of class field theory [5D] . 

b) =>■ c) is clear, and c) =>• a) follows from 

CH Q (X,i)®Z l \imCH (X,i,Z/F) 

^ lim Hi{X et ,Z/l r ) = limH 2d -\X ct ,Z/F(d)), 

because the right hand group is torsion for smooth and proper X and for i > 
by the Weil-conjectures. □ 



5.2 The complex 

Definition 5.4 For a separated scheme of finite type X over ¥ q , we define 
integral Kato-homology iff (X,Z) to be the homology of the complex C K (X) 
of Ei 1 -terms and differentials in (|12| 

► ® xeX(s) H s+1 (k(x) al ,Z(s)) -> ► ® xeX ^H\k{x) 3X ,Z{{))) -» 0. 

(19) 

By Lemma I3~4l the complex (JTHJ) can be rewritten as 

-> © ieX(s) i^ s M (fc(a;) ®f, F 9 )g -> ► ©xex ci) (fc(a;) 8>f, F 9 )* -> xeXco) Z. 

(20) 

An inspection of the spectral sequence (fT2|) shows that there is a map of 
complexes C K (X) — > Hq(X,Z). In particular, if A" is proper and connected, 
then we obtain from Proposition 14. 31 an augmentation C K (X) — > Z. A closed 
embedding Z — > AT with open complement U gives rise to a short exact 
sequence of complexes ([20)) , hence a long exact sequence 

► Hf(Z, Z) -» iff (X, Z) -► iff (C7, Z) • • • . 

The connection to Kato homology with finite coefficients is given as follows. 

Proposition 5.5 There are long exact sequences 

• • • -> iff (X, Z) ^ iff (X, Z) - iff (X, Z/m) - • • • , (21) 

and 

► iff (X, Z) -» Q(0)) -» iff (X, Q/Z) (22) 

Proof. By Lemma 13.51 there are short exact sequence of complexes 

0^ H* +1 (k(x) aT ,Z(*)) ^ if* +1 (fc(x) ar ,Z(*)) 

- H* +1 (k(x) ct ,Z/m(*)) -0 
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and 

0^ H*+\k(x) aT ,Z(*)) ^ H*(k(x),®(*)) 

-> iT +1 (fc(x) ct ,Q/Z(*))^0. 

a;£X(«) 



□ 



Corollary 5.6 //X is smooth, proper and connected, then Hq(X,1) = Z 
andHf(X,Z) = CH (X,i) Q fori = 1,2. 

Proo f. Since H l (k(x), Q(l)) = for i ^ 1 and H l (k{x), Q(0)) = for i ^ 0, 
an inspection of the niveau spectral sequence ([3]) shows that CHo(X,i)^ = 
Q(0)) for i < 2 and for all X. The result follows with the sequence (J22) 
and Theorem [O] □ 



Theorem 5.7 a) For every X, there is a natural exact sequence 
CH (X, 1) -> ff 2 c (X ar , Z) -» flfpf, Z) CHo(^) 



-> H![{X aT , Z) -> fff (X, Z) -> 0, 

and i/ie image of the map dg is torsion. 

b) The statement in Proposition \4-4\ i-) holds if and only if there exists a 
long exact sequence 



<k-i 



for all X (or for all smooth and proper X). In this case, the image of di is 
torsion for all i. 

Proof. If i < d := trdegfc/F g , the Beilinson-Lichtenbaum conjecture implies 
that £P(fc,Z(d)) =■ H l (k cU Z(d)). On the other hand, from iT(fc,Q(d)) = 
for i < d (known unconditionally for cf < 1, and for all d by hypothesis in b)), 
and the long exact sequence ^j, it follows that £P(fc e t> 2(d)) = H l (k al , Z(d)) 
for i < d. Both exact sequences follow by comparing the niveau spectral se- 
quences ((3]) and (I12|) . because they agree (in the given range) up to the line 
defining Kato-homology. The statement on di follows because the canonical 
map CHo(X,i)q — > ffP +1 (X ar ,Q) is injective by Theorem 13.11 To prove the 
converse in b) , we observe that (X, Z) vanishes for i > dim X by defini- 
tion, hence CHo(X,i) — Hf +1 (X al ,Z) for i > dimX, and the result follows 
by tensoring with Q and comparing to Theorem 13. 11 □ 
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Remark. Taking the colimit over smooth schemes with function field k, the 
same argument shows that the statement in Prop. 14.4b ) implies that for a 
field k of transcendence degree d over ¥ q , we have 

!H l {k,Z{d)) i<d; 
Hf{k,Z) i = d+l; 
i > d + 1. 

5.3 The conjecture 

The following is an integral version of Kato's conjecture. 

Conjecture 5.8 If X is smooth, proper and connected, then H^(X,Z) = 
for i > 0, and the augmentation map induces an isomorphism Hq (X, Z) = Z. 

Proposition 5.9 Conjecture l<5.<$! is equivalent to the conjunction of Conjec- 
ture \5.1\ and the statement in Proposition ^.^ ). 

Proof. If Conjecture 15.81 holds, then for smooth and proper X, the groups 
H?{X,Z/m) vanish for i > by ([HJ, and then Hi(X, Q(0)) = for i > 
and H (X, Q(0)) = Q by J32J. The converse follows by (22) • D 

Note that Propositions 15.91 and 14.41 together with Theorem 1 5 . 71 imply The- 
orem 11.31 

Assuming resolution of singularities, Jannsen [H] Thm.5.9] defines weight- 
homology (X, Z) of X as the homology of the complex 

... > gTfoC-Xi) > JTTq(Xq) 

where 

► MiX,) -» M(X ) 

is the weight complex W(X) of Gillct-Soule [13], see the discussion in [10]. By 
definition for X smooth and proper, Hq(X, Z) = Z, and H^(X,Z) = for 
i > 0. If follows from the properties of weight complexes that if* (— ,Z) has 
the localization property. We define weight homology of a field k of finite type 
over W q as H^(k,Z) := colim_ff l H/ ([7, Z), where J7 runs through the filtered 
system of schemes over ¥ q with function field k. By Jannsen [14[ Thm.5.9], 
if^(fc,Z) = for i ^ trdeg F<? fc, hence the niveau spectral sequence shows 
that the weight homology (X, Z) of X is the homology of the complex 

■■■^® xe x M H™(k(x),Z) e xe x (0) if w Z). (23) 

Lemma 5.10 For any scheme X over¥ q , we have a canonical isomorphism 

H?(W(X),Z)^H«(X,Z), 



compatible with localization triangles. 
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Proof. If X is proper, then W(X) is chain homotopy equivalent to a hyperen- 
velope X. of X, and the augmentation W(X) = X. — > X induces the indicated 
quasi-isomorphism by the localization property of Kato homology by the ar- 
gument of [12] . For an arbitrary scheme U, we choose a compactification X 
and complement Z, and obtain a commutative diagram 



C K {W{Z)) 



C K {Z) 



C K {W{X)) 



C K (t/). 



The rows are distinguished triangles by the localization property of Kato- 
homology and property d) of weight complexes, respectively. □ 

The augmentation maps C K {Xi) — » Z n °( Xi > induce a natural homomor- 
phism 

Hf (X, Z) S fff (W(X) , Z) -> fff (X, Z) . 
Taking the colimit over smooth J7 with function field fc, we obtain a map 

H d+1 {k aI ,Z(d)) = Hf (fc,Z) -» flf (k,Z). 

Proposition 5.11 Assume resolution of singularities. Then the following 
statements are equivalent: 

a ) Conjecture \5.8[ 

b) The canonical map H d+1 (k al ,Z(d)) — > H^ / (k,Z) is an isomorphism for 
all fields k with trdegfc/F g = d. 

c) The canonical map Hf c (X,Z) — > H^ V (X,Z) is an isomorphism for all 
schemes X and all i. 

Proof, a) b): We proceed by induction on d, the case d = being trivial. 
Choose a smooth and proper model X for fc and compare the exact sequences 
((111) and ([25]) 



ff rf+1 (fe ar ,Z(d)) 

I 

#7(fc,z) 



-* © xex # rf (fe(z) OT ,Z(d-l)) 



^.H^ikix)^) 



(d-i) 



The upper sequence is exact by hypothesis, and the lower sequence is exact 

by Jannsen's theorem, because H^(X, Z) = for i > 0. 

b) => c) follows by comparing (fT9| and (|23)) , and c) => a) is trivial. □ 



Corollary 5.12 Assume resolution of singularities. Then Conjecture Pq(X) 
holds for all smooth and proper X if and only if there is an exact sequence of 
finitely generated groups 
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••• - CH (X,i) - H? +1 (X ai ,Z) - ff&pr.z) - ... 

/or aZZ X . 

Proof. If fb(.X') holds for all X, then we get the exact sequence from Theorem 
15.7b ). and Prop. l4~4l 15. 91 and 15. Ill The finite generation statement follows be- 
cause weight homology is finitely generated by construction. Conversely, the 
exact sequence gives CH (X, i) = Hf +1 (X ar ,Z) for smooth and proper X and 
i > 0, and hence Pq(X) by comparing to Thm. 13.11 □ 



6 Curves 

Theorem 6.1 Coniecture \5.8\ holds for all smooth and proper curves over¥ q . 
Proof. Consider the following map of short exact sequences 

ff 2 (fc(CVZ(l)) > H\k(C), Q(l)) ► Br(fc(C)) 

1 1 ( 24 ) 

The upper row is (fT4|) . since Br(fc ®f F 9 ) vanishes by Tsen's theorem. The 
snake Lemma gives a short exact sequence of kernels and cokernels 

-f H K {C, Z) -► i^i(C) Q -> Br(C) fl* (C, Z) -> K (C)q -» Q/Z -► 0, 

and the claim follows because Ki(C)q = = Br(C). □ 

The above theorem can be derived without using the vanishing of the 
Brauer group by analyzing the Frobenius coinvariants of the localization se- 
quence 

O^r(C,0 e ) x ->(A;(C) ® F , %) x -e x6 c (0) Z-PicC->0. 
It is amusing to observe that 

0^ff 2 (fc(C) ar ,Z(l))^ z^z^o 

is an integral version of the classical short exact sequence 
0^Br(fc(C))^ Q/Z -> Q/Z -> 0. 

Indeed, the upper row of (M) shows that H 2 (k(C) al , Z(l))(g)Q/Z = Br(fc(C)). 
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Theorem 6.2 Let C be any curve. Then HQ(C al ,Z) = Hq(C,Z), there is a 
short exact sequence 

-» CH {C) -» flf(C„,Z) - fff (C, Z) -> 0, 

an isomorphism of finitely generated groups CHq(C,1) = -fff(C ar ,Z), and 
CH (C,i) = H? +1 (C ai ,Z) = 0fori>l. 

The Pointrjagin dual of the short exact sequence is [201 Prop. 1]. 
Proof. The proof of Thm. 15.71 works if one restricts oneself to schemes of di- 
mension at most 1, in which case the Bcilinson-Lichtenbaum conjecture and 
Pq(X) is known. Similarly, finite generation follows by Prop. [4~2l and [5T31 □ 

For a curve C, integral Kato homology can be calculated combinatorically. 
We first assume that C is connected and proper. Let C = LL g j C[ be the 
decomposition of the normalization C of C into irreducible components, S 
the set of singular points of C, and S' — Sy.cC. Consider the dual graph r 
of C [21] . It is a bipartite graph, with vertices the set S of singular points of 
C on the one hand, and the set of irreducible components I of C on the other 
hand. For each point s € S', there is an edge connecting the image of s in S 
with the i € I such that s £ Q. Comparing the exact sequence calculating 
the homology of F to the sequence 

-> H? (C, 1) H^{S', Z) ^ £^(5, Z) 8 Hg(C, Z) ^ fl* (C, Z) -» 0, 

we get 

Proposition 6.3 If C is a proper curve, then Hf c {C,'L) = Hi(r,Z). In par- 
ticular, Hg(C,Z) =Z 7r °( c \ andH^{C,Z) = zMS')-MS)-MC)+MC) . 

If C has only ordinary double points as singularities, then the homology 
of r agrees with the homology of the graph r' used in j23] . Indeed, the graph 
r 1 is gotten from r by erasing all vertices corresponding to points in S. Since 
over every point of s £ S there are exactly two point of x, y G S' , the two 
edges corresponding to x and y combine to give an edge labeled s in r'. Thus 
r and r' are homeomorphic as topological spaces. 

If C is not proper, let C be a proper curve containing C . Then the exact 
sequence 

H?(C, 1) -» £ff(C, Z) -> Z -> (C, Z) -> ff ^(C, Z) 
shows that iJ A "(C, Z) = and Ff (C, Z) = -fff (C, Z) © Z^o(C-C)-i_ 

7 Class field theory 

In this section, we assume that X is proper and connected over ¥ q . 
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Proposition 7.1 We have 

H^(X al ,Z) A ^nf(X). 

In particular, if Hf(X al ,Z) is finitely generated, then there is a short exact 
sequence 

- (CH (X, 1) G ) A - nf(X) - (CH (X) G ) A -> 0. 

Proof. By Prop.[01 H c (X ar ,Z) is torsion free, hence by Thm.O 

HZ{X v ,Z)/m S ^f(X ar , Z/m) £ H (X ct ,Z/m). 

By 0, the latter is isomorphic to H l (X et ,Z/m)* = nf(X)/m. The Proposi- 
tion follows by taking inverse limits. □ 

The results of this section could be formulated independently of Conjecture 
Pq(X) using the dual of arithmetic cohomology of [7J: 

Proposition 7.2 We have a natural inclusion 

H- 1 RHom Ah {Rr(X ax ,Z),Z) -> nf(X) 

which induces an isomorphism on completions. There are short exact se- 
quences 

-» (tf 2 (X ar ,Z) tor )* - ^(AT" -» Hom(if 1 (X ar ,Z),Z) A -f 0. 

For normal X , under resolution of singularities, (H 2 (X aT , Z)tor)* *s isomor- 
phic to the geometric part of the abelianized fundamental group 7r° h (X)°. 

Proof. Consider the reduction mod m map 

iJ- 1 flHom A b(-R-r(X ar ,Z),Z)/m -> iJ _1 (i?Hom A b(F-r(X ct , Z), Z)® L Z/m) 
-» ff-^iZHomAbCi^X^Z/rnXZ/m)) = E.om(H 1 (X BX ,I,/m),Q/Z). 

Taking the limit over m, we obtain a map 

H- x RHomAh{Rr(X aI ,Z),Z) -> limHom(iJ' 1 (X ar ,Z/m),Q/Z) 

= Hom^A^Q/Z^Q/Z) - Hom^ 1 ^, Q/Z), Q/Z) = 7Ti(X)° 6 . 

Since the first term is finitely generated, it injects into its completion. The 
short exact sequence is the Leray spectral sequence for i?Hom.Ab(— > Z) (us- 
ing that Ext 1 (— ,Z) = (A tOT )* for finitely generated A). For normal X, 
7? 1 (X e h,Z) = under resolution of singularities [7J, hence i? 1 (X ar ,Z) = 
H°{X ch ,Z) G = Z. □ 
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Let X be smooth, projective and geometrically connected. The isomor- 
phism of class field theory of Bloch and Kato-Saito ^ZU\, factors through arith- 
metic homology 

0X '■ CH (X)tor — » £fi(X ar ,Z)tor — Tr" PQtor- 

Let T be the finite group colimHom < 3s / /fe(/i m , NSx), where Hom.Qs/k(~ > ~ ) 
denotes the group of homomorphisms of groups schemes over k, and recall 
that conjecturally CH (X, 1)q = 0. 

Proposition 7.3 There are short exact sequences 

-» CH (X, 1) G -^flf (Xar.Z) -» Alb(X) © Z -► 0, 
-> OffoPO -»fl?(X„,Z) -> Cff (*, 1)q -» 0, 

and 

- T* -» Ctf (*, 1) G -» C# (*, 1)q 0. 

Proof. The first exact sequence is (JTTJ, together with Ci/ (^) G = (Alb(X) © 
Z) G = Alb(X) © Z. The next sequence follows from Cor. [5U and Thm. [5771 
Indeed, H^(X,Wj) is uniquely divisible, hence its image in the finitely gener- 
ated group CHo(X) must be trivial. The last sequence follows by considering 
the following diagram (the upper row is [301 Prop. 9(2)]) 

> T* ► CH Q (X) > CH (X) G > 

I I II 

► CH {X,1) G ► H1(X ai ,Z) ► CH (X) G ► 0. 



□ 



Consider a cartesian diagram 

Z' ► X' 



Z — > X; 

such that i is a closed embedding, p is proper, and p induces an isomorphism 
X 1 - Z' = X - Z. 

Proposition 7.4 If X' and Z are smooth, then there is an exact sequence 
ker {H?(Z\ Z) -> H K (X', Z) © #f (Z, Z)) -> CH Q (X) ^ H^(X aI , Z). 
The first term agrees with H^(Z\ Z) if CH (X', 1)q = CH (Z, 1) Q = 0. 



Arithmetic homology and an integral version of Kato's conjecture 21 



Proof. Consider the commutative diagram with exact rows and exact columns 
given by Theorem 15.71 



CH (Z') 

I 

H?(Z',Z) 



CH (X')®CH (Z) 
8 x ,\e z 
H^X'^Z) 8 HfiZ^Z) 

I 

H^(X',Z)®H^(Z,Z) 



CH (X) -> 
Hl(X ari Z) 

I 

H?(X,Z) 



0. 

Using the injectivity of 0x> and 9z, the first statement follows by a diagram 
chase. The last claim follows from Corollarv l5.6l □ 



Theorem 15.71 and Proposition 17.41 can be applied to study the kernel of 
the reciprocity map. For example, we can recover some results of Asakura, 
Matsumi and Sato [23]. Let AT be a normal surface with one singular point P. 
Let S be a resolution of singularities X which is an isomorphism away from 
P, and let D = P Xx S be the exceptional fiber. 

Proposition 7.5 Let r be the dual graph of D, and assume that CHq(S, 1)q = 
0. Then there are short exact sequences 

H x (r,Z) ^ CH (X) ^ Hftx^z), 

and 

-> ker (CH (S) -> CH (X)) -» kcr (JJf(S„, Z) -» ff x c (X ar , Z)) 

-> kcr6» x -> cokcr (CH (D) ^ Z) -» 0. 

Proof. The first statement follows from Props. RT31 and [7T4l To prove the second 
statement, consider the commutative diagram 

► CH Q (S) — ^— #r(S ar ,Z) ► 

1 i " 1 ,25) 

► kei9 x ► CH {X) Hf(X aT ,Z) ► 0. 

The upper row is exact by Prop. 17.31 Since coker (CHq{S) — > CHq(X)) = 
coker (CH (D) -> CH a (P)) , it suffices to show that fff (S^Z) -> #f (Xar, Z) 
is surjective. Since X is normal, D is connected, hence H§(D aT , Z) = H^P^, Z), 
and we obtain an exact sequence 
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flf (D„, Z) - (P.,, Z) © HKS^X) -f Z) -f 0. 

Thus it suffices to show that Pf(P ar ,Z) — > Pf(P ar ,Z) is surjective. Since 
Pf (Par, Z) = Z, we can show surjectivity modulo m for every m. By torsion- 
freeness of H§(Dax,Z), we obtain a diagram 

Hl(D al ,Z)/m flf(D„,Z/m) P^P^Z/m)* 

HftP^zym Hf^.Z/m) P^P^Z/m)* 

and can show injectivity of P 1 (P et , Z/m) — » P 1 (P ot , Z/m). By the Hochschild- 
Serre spectral sequence, this follows from injectivity of P 1 (G, H°(P et , Z/m)) — > 
P 1 (G, P (P o t, Z/m)). But the latter map is an isomorphism because P is 
connected by Zariski's main theorem. □ 

According to [23l Lemma 1.2, Prop. B.6], coker(CP (P) -> Z) ^ Z/m, 
where m is the greatest common divisor of the degree of the field extension 
P(Ci,Oci)/ T(D,Od)- Here Ci runs through the irreducible components of 
D. 
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